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A Theoretical Model of the Near Wake
of a Slender Body in Supersonic Flow

JoHN T. OHRENBERGER* AND ERIC BAUM*
TRW Systems Group, Redondo Beach, Calif.

A steady-state formulation for laminar flow is employed within a region extending from the boundary layer
approaching separation downstream to the axial station of the sonic point on the axis. Included are the formation
of the lip shock wave, the growth of the mixing layer into the rotational inviscid wake of the boundary layer, the
recirculation region, and the wake shock wave. The entire flow is treated as a viscous interaction problem. Passage
of the solution through two saddle-point singularities determines uniqueness and insures that the downstream behavior
is the proper one for wake flows. The flow is divided into two regions; an inner region, which includes the recirculating
flow, is determined by an integral method, while an outer region employs a finite-difference technique. A rigorous
matching of the flow between the two regions is included. The model is applied to a Mach 6 wedge flow corresponding

to an experimental case of Batt.

Nomenclature

= base diameter

static enthalpy

total enthalpy; also total base height
cross-stream metric

streamwise metric

body length

I T

= distance normal to streamlines
= pressure
= pitot pressure
= Prandtl number
= radial coordinate
= Reynclds number
= distance along streamlines
= streamwise orthogonal coordinate
total temperature
axial velocity
total velocity
radial velocity
axial coordinate
= lateral coordinate (« = 0)
= dimensionality factor (0 for two-dimensional flow, 1 for axi-
symmetric flow)
= radial coordinate of matching streamline
= vorticity
= flow angle
=1+4+a
. = viscosity
= profile parameter p u,/psus
= density
= profile exponent
== shearing stress
1 = profile parameter s /h;
, = profile parameter (6/h;)(0h/0r)s
= viscous dissipation term
= streamfunction and orthogonal coordinate
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Subscripts

¢ = cone

DSL = dividing streamline

inv = inviscid

o = centerline

s = wake stagnation point

w = wedge

é = matching streamline

oo = freestream flow conditions

1. Introduction .

HE near wake of a vehicle in supersonic flow contains a large

subsonic region adjacent to the base in which the downstream
flow can communicate and have an influence on the upstream
flow. This zone consists of the subsonic portion of the boundary-
layer prior to separation, the recirculation region up to the sonic
line in the shear layer, and the subsonic flow adjacent to the axis
downstream of the wake stagnation point to the axis sonic point.
The mathematical treatment of this region and the adjacent
supersonic flow in a steady-state formulation using the Navier-
Stokes equations is a boundary value problem. However, steady-
state methods based upon approximations to the Navier-Stokes
equations have been applied to this and related problems in
which the mathematical character of the governing equations
is changed without, hopefully, significantly affecting the solution.
In particular, the boundary-layer approximations change the
apparent character of the equations from elliptic to parabolic.
This implies that initial value methods can be used, but it is found
that an important characteristic of boundary-value problems,
namely that the influence of boundary conditions extends up-
stream, is nevertheless retained. The details of this upstream in-
fluence depend on the imposed boundary conditions. No-slip
(wall) type and symmetry (wake) type boundary conditions pro-
duce distinctive differences in behavior.

Baum,* Tyson,?> and Garvine® demonstrated the character of
solutions along a body surface using finite-difference methods.
It was found that if initial conditions are chosen to be-consistent
with ordinary boundary-layer development, the subsequent
solution becomes extremely sensitive to small perturbations in
these initial profiles. Two types of divergent behavior occur
about a singular envelope solution which represents the usual
boundary-layer solution with viscous-inviscid flow interaction
effects accounted for. An example of pressure distributions for
the envelope solution and the two types of divergent solutions
are shown in Fig. 1 on the rounded shoulder of a body prior to
separation. In one case, the pressure drops rapidly below that
of the envelope solution. In other case, the pressure rises above
that of the envelope solution with a corresponding decrease in
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Fig. 1 Qualitative behavior of the near wake solutions.

wall shear, resulting eventually in separation. The latter solutions
are of interest in the near-wake problem, since they provide a
means of calculating the flow approaching boundary-layer sep-
aration on the rounded shoulder of the vehicle. It has been found
that all solutions yielding separation at a given point are essen-
tially indistinguishable, regardless of the nature of the initial
perturbation. Consequently, each separation point location
characterizes a single distinct upstream solution. The proper
one, of the infinitude of possible separation point locations, is
determined by downstream flow conditions.

The proper separation point location is resolved when the
character of the solutions downstream of the wake stagnation
point is examined. Depending on the initial conditions, these
solutions exhibit two types of behavior, neither of which is wake-
like. One family of solutions is characterized by a centerline
velocity which reaches a peak downstream of the wake stagnation
point, then decreases until a second stagnation point is reached
(tbe source solutions). The other is characterized by a rapidly
accelerating rate of pressure decrease on the centerline, with the
calculation terminating as the rate approaches infinity (the sink
solutions). This behavior is due to the presence of a saddle point
singularity in the wake neck region, and is depicted by the axis
pressure distributions in the wake of the body shown i Fig, 1.
The singular solution which passes through the saddle point
bounds the two nonwake families, and produces the only wake-
like solution, where both the velocity and pressure on the center-
line continue to increase downstream of the wake stagnation
pomt The role of this “wake critical point” in determining a
unique base flow solution in a steady-state formulation has been
thoroughly studied by a number of investigators, starting with
Crocco and Lees.*~!°In the present problem, the unique sepa-
ration solution and associated base pressure correspond to the
wake solution which passes through the critical point.

The approximate steady-state formulation of the near-wake
problem, therefore, has the character of an eigenvalue problem.
Any changes in boundary conditions in the region upstream of
the wake singular point are felt both upstream and downstream
through their influence on the eigenvalue (the separation point
location). The upstream influence characteristic of boundary
value problems is therefore retained, even though the governing
equations are mathematically parabolic.

Based on the preceding principles, several near-wake flow mo-
dels have been developed using integral moment methods.®11:12
These have been applied with moderate success to supersonic
blunt body wakes where the Mach number is low, and the
viscous-inviscid interaction is therefore weak. These integral
methods are not, however, suited to applications where local
flow details are important.

A model for the flow between the base and the wake stagnation
point more directly applicable to slender body wakes was devel-
oped by Weiss.!> However, the solution is not carried down-
stream through the critical point, and hence the base pressure
must be specified using empirical means. The Weiss model
was the first attempt to couple a recirculation region calculation
based on the Navier-Stokes equations with a calculation of the
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adjacent shear layer and rotational inviscid flow. Difficulties in
maintaining rigorous coupling between the modeled regions of
the flow plus the need for time-consuming calculations of the
recirculation region, especially at the higher Reynolds numbers
of interest, lessens the desirability of this approach.

2. Description of the Model

The near-wake of a slender body in supersonic flow is charac-
terized by many physical features, the first of which is the bound-
ary-layer interaction with the outer, inviscid flow on the shoulder
of the body. This includes the approach to separation and the
resulting rise in pressure which leads to the formation of the lip
shock wave so thoroughly studied by Hama.'* After separation,
a shear layer develops between the outer inviscid wake of the
highly-expanded boundary-layer, and the inmer recirculation
region. The lip shock can propagate into the flow above the shear
layer. A compression occurs near the wake stagnation point as
the flow turns toward a parallel to the axis. The wake shock wave
is thereby formed and propagates into the flow, eventually inter-
secting the lip shock wave. The flow above the shock waves was
generally thought to be inviscid but rotational; however, meas-
urements by Batt and Kubota'® indicated significant viscous
effects can be present at low Reynolds number.

The above general features have been included in the present
model for flows behind bodies with rounded aft shoulders. The
approach is to divide the flow into two regions which are,
respectively, interior and exterior to a streamline which lies
adjacent to the dividing streamline over the recirculation region
and to the axis, downstream of the wake stagnation point. The
inner region is described by an integral method in which the
conservation equations are integrated from the axis to the
“matching streamline” separating the two regions. The outer
region is described by a finite difference method, using conser-
vation equations which retain both the inviscid terms and
boundary-layer-like viscous terms. A strict matching of essential
flow properties is maintained between the two regions.

2.1 Outer Flow Description

A natural or intrinsic coordinate system formed by streamlines
and normals to streamlines is used to describe the outer flow. If
s and n represent distances along, and normal to, streamlines,
respectively, then orthogonal independent variables ¥, S, and ¢
can be formed where dy = pUr®dn, dS = ds/h,, and ¢ = azi-
muthal angle (when «=1). The metrics are h, = 1/(pUr",
hy = 1% and h, (to be determined later). This coordinate system
and set of independent variables has a number of advantages in
the present problem. Dropping the streamwise second derivatives
yields a single set of governing equations which are applicable
to both the flow on the body (including the rounded shoulder),
as well as the wake flow above the dividing streamline. These
equations are inclusive of the classical boundary-layer-like equa-
tions used 1o describe the body boundary layer, the shear layer,
and the downstream viscous wake. In addition, they contain the
complete inviscid formalism even in the viscous regions of the

‘flow. They are therefore well-suited for describing the expansion

of the boundary layer about the rounded shoulder, where viscous
effects become important in a progressively thinner region, and
for describing the origins of the lip and wake shock waves as
diffuse compressions well within the viscous regions. Since the
cross-stream viscous terms are included throughout, it is un-
necessary to distinguish between the viscous and inviscid regions
of the flow in the formulation; the inviscid regions will appear
as a natural outcome of the analysis.

The Navier-Stokes and energy equations in'this coordinate
system are given in Ref 16. Dropping all terms containing
second derivatives with respect to S leads to the forms of the
momentum and energy equations applied here:

aU/0S + (1/pU)(@P/0S) = (8/oy)phy**pU@U/ey)] (1)
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U(06/0S) + ha*(0P/oy) = 3(0/09) [uha?*pU(@6/¢)  (2)
0H/0S = (0/0y) [(/Pr) h**pU(OH [0Y)] + (/o)

‘[(Pr — 1/Pr) phg*pU@U/Y)]  (3)

By relatixig this coordinate system to the Cartesian system (Ref.

16), two additional relations are obtained after eliminating, by
cross-differentiation, derivatives with respect to r and x; thus

a(pUr*)™"/0S = h(06/0y) 4

Oh/oy = —(pUr")™* (06/0S) )

In addition, an ideal gas equation of state is used, and for the

present application, the viscosity is assumed to vary linearly

with temperature. The complete set of equations for the dependent
variables 0, P, U, H, p, h, is thus formed.

The relationship of this coordinate system to the Cartesian

system is

0x/0S = h,cos 0 Ox/oy = — sin f/pUr* ©
0r/0S = hysin or/oy = cos 8/pUr*

Implicit finite-difference approximations are used to represent
the equations, and since they are mathematically parabolic in
character, they are solved by marching in the streamwise direction
beginning with specified initial profiles on the body upstream of
the shoulder. The boundary conditions will be discussed subse-
quently. Details of the differencing and of the method of solution
of the difference equations can be found in Ref. 16.

The governing equations are unstable in regions of subsonic
flow® in the same sense that the heat conduction equation is un-
stable when time is incremented backwards; that is, perturbations
of small wavelength are amplified so that without some sort of
smoothing, noise soon dominates the solution. This instability
can be suppressed by replacing the y-momentum equation in
the subsonic region by the boundary-layer approximation
OP/dy = 0, or the higher-order approximation in which 6/0S
in the Y-momentum equation is evaluated at the wall.

2.2 Inner Flow Description

An important consideration in developing an inner flow model
is the matching of basic flow properties on the streamline between
the inner and outer regions. The outer flow has the character of
an initial value problem in the present formulation, where as the
flow in the inner region has the character of a boundary value
problem in a Navier-Stokes formulation. Stable finite-difference
methods differ in each region (streamwise marching methods
verses relaxation methods, respectively), and this makes the
matching of basic flow properties between the two regions at each
computing step extremely difficult and, in fact, impractical from a
computing time standpoint unless the matching constraints are
greatly relaxed. However, the use of integral methods to describe
the inner flow is compatible with the finite-difference streamwise
marching methods used in the outer region. Here, the governing
partial differential equations, written in an axisymmetric or two-
dimensional Cartesian coordinate’ system, are integrated from
the axis to the matching streamline to form ordinary differential
equations with the axial coordinate as the independent variable.
The set of ordinary differential equations can be solved by a
numerical marching integration from the base in step with the
outer flow marching solution in a way which permits a rigorous
matching of basic flow properties between the two regions at
each computing step. Satisfying the conservation equations in an
average (rather than in a numerically exact) sense, with a rigorous.
(rather than a loose), matching to the outer flow is the approach
chosen here.

Applying an integral method to a boundary value problem
does not change the mathematical character to that of an initial
value problem since the boundary conditions must also be
considered. Ohrenberger'” used an integral method to determine
the flow in a Stokes flow recirculation region, and found that
the boundary conditions must be applied both at the base and
at the wake stagnation point. Thus, unlike that of an initial value
problem, the boundary conditions spanned the entire flow
domain as would be expected in a boundary value problem. This
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feature complicates the computing procedure in the present
application sifice it requires that unknown initial conditions be
systematically varied in a succession of integrations (in the
direction of the outer flow) until the downstream boundary
conditions are satisfied. However, by solving boundary layer-
like equations rather than the full Navier-Stokes equations,
this. procedure can be simplified without significantly affecting
the integral solution in the strongly-interacting regions of the
flow.

The basic assumptions are that the axial normal stresses and
axial heat conduction are neglected in the axial momentum and
energy equations, respectively, and that the static pressure varies
in the axial coordinate only. As a consequence of these assump-
tions, the base wall boundary layers, including base wall heat
transfer, are neglected in the analysis. Calculations'® and flight
data'® show that the lateral changes in pressure across the rein-
culation region decrease significantly with increasing Reynolds
number. Evidently, as viscous effects diminish in importance,
the inertia of the recirculatory flow is by itself too small to main-
tain large radial pressure gradients. The inference is that the
present analysis is best applicable at high Reynolds numbers.
However, even at low Reynolds numbers, the lateral pressure
change across the recirculation region becomes small near the
wake stagnation point, where most of the viscous-inviscid inter-
action is occurring because of the turning of the flow parallel
to the axis.

Under the stated assumptions the integral forms of the axial
momentum, energy, continuity, and velocity moment-of-momen-
tum equation are, respectively:

yP \ & dP —1(g)s
- et [p= - 1-1
<I"' lp.suaz) yPdx y  Pu, =1

(Trx) 'y -1 5
— — 7
;ou,s2 y  Pu, @
(d/dx) (psushs6*1,) = us0*L, (dP/dx) — 6%(q,); + 6'®s1;  (8)
U= Pa“aé I, )]

Hd/dX)(p5t15>0 L) = — us0HdP/AX)], + us0°(1, )51, (10)

Following Ref. 9, Eq. (7) is obtained by combining the momentum,
energy, continuity, and state equations prior to forming the
integral equation. This form clearly delineates the critical point
singularity as the point where the term I,, — yP/(Ap,u;°) vanishes.

The integrals appearing in these equations are (barred quan-
tities are- normalized by their correspondlng values on the
matching streamline):

1
Iy= j p* on*v/w)/ondn, I, = f pu* ndn
[1] (4]
1 3
I,= f g, 0(pu)/0n n*dn,
(0]

1 1 1
I¢=f pu On*dn, IE=J p h @ ndy, I.,=f i n'dn
0 0

V]
1
IC=J p @ ndy
o

1 1 1
Lo =J p W dy, 1 =J ®y°dn, and I,=f T 0u [Oon n’dn
0

0 (1]
These are evaluated by assuming radial profile shapes for pu,
h, g, 7, and ® of the following power law forms:
' pu=¢+(0-8&m an
h=¢:+(1/D[2+ o)1 — ¢1) — doJn"
+(1/2)[e( - ¢1) — 211" (12)

7= q — na—l’ (I_) = nZ(a—l) (13)
where #n = r/o. The corresponding streamfunction profile from
which v can be determined for substitution in the I, integral is

¥ — ¥ = pstts0* [0 — DA+ (1 — O™ — /A + 6)]( )
14
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The four profile parameters ¢, o, ¢ 1> and ¢, are dependent varia-
bles which vary with x, and it is seen that & = pouo, ¢, = ho,
and ¢, = (3/h;)(@h/0r),.

For very large values of o, these simple profiles can describe
the flow close to the base where the shear layer is thin compared
to the base height. The exponent g(x) is expected to decrease
continually from that at the base to reflect the growth of the
shear layer. However, a lower limit of 2 is imposed to insure
a proper behavior of the flow in the vicinity of the wake stagnation
point, and further downstream A study of isolated stagnation
point flows by Cheng?®® revealed that the streamline pattern for
the wake stagnation point is oné in which the dividing streamline
is parabohc and normal to the axis at the stagnation point, ie.

lim ypg ~ (x, — X)I/Z (15a)

XX

and the following velocity relation applies:

1
fim o 09 (15b)
x—xs UDSL 2
From the profile given by Eq. (11), it can be shown that
" Ppoto/Ppsrpse = — (1 + a)fo (16)

Thus, in order to approximate the condition expressed by
Eq. (15b), it is desirable that ¢ ~ 2 at the wake stagnation point.}
This is imposed by replacing the velocity moment-of-momentum
equation (Eq. 10) with an exponential décay of ¢ to the value of 2,
ie, do/dx ~ (6 — 2), just upstream of the wake stagnation point.
When ¢ = 2, the profiles are consistent with a truncated analytic
series expansion about the axis, and are therefore a good re-
presentation of actual profiles downstream of the wake stagnation
point where the boundary streamline lies very close tc the axis.

Although all of the dependent variables in the governing
equations are to be calculated simultaneously in conjunction
with the marching solution for the outer flow, the formulation
is developed by considering some to be dependent variables of
the inner region calculation, and the remainder to be provided
by the outer region calculation. The latter include the shape of
the matching streamline (through a specification of the flow
angle -6(x) along it) and gradients associated with the shear
stress (or vorticity) and heat transfer at the matching streamlinhe
[(@U?/&y); and (@H/dW);). Since 04x) is known, the shape of
the matching streamline is obtained from the relation

3(x) = J " tan eé(x)dg + 80) amn
(1]

The remaining inner flow dependent variables are p;, u;, P, €, 0, ¢,
and ¢,, where the state equation (a thermally and calorically
perfect gas is assumed) is used to eliminate k;. Three additional
equatlons are therefore required and two are obtained by im-
posing conditions on the radial gradients of the assumed
profiles by matching the vorticity and heat transfer with the
corresponding outer flow values on the matching streamline.
Consistent with the outer flow analysis, streamwise gradients
are ‘assumed small compared with cross stream gradients, and
the resulting expressions are, respectively:

oU? du
2p55°‘<6‘l,> = ‘_[ (1—£)+¢2]+2tan95d'§
dtan
+u‘,—d2—"+%5tan29‘,[1—/1+a(1—é)+¢2]

d
+ %m0, (19
dx

(@]
Y P o/, 2 N Js :

. 1dP 1 dp,
= ¢, —sinf 0;0 - 19
¢, — sin B, cos 6; (Pd de> (19)

Equation (15b) would be applied explicitly as a boundary condition
in an integral formulation based on the full Navier-Stokes equations (see
Ref. 17), and would be satisfied by performing successive integrations
from the base as discussed previously. The present modeling alleviates
the need for this procedure.
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The shear term, (z,,);, appearing in Eqs. (7) and (10), can be written
as (1,,)s/t; = 2(0u/0r); + {;; the first term is evaluated from the
profiles and the second term, {; (the vorticity), from the outer

flow. Thus,
oU?
(t)o/tts = 2%6 [o(t — &+ ¢2] 05 5“( ) ) _(20)

So that all of the heat transfer crossing the matching streamline
is accounted for in the overall energy equation [Eq. (8)], (g,)s is
evaluated from the outer flow and is

- Hspsus0°| (OH ou?
w28 E)5)] @

The dissipation term, ®;, appearing in Egs. (7} and (8), is
also evaluated from the outer flow, and cons1stent with the outer
flow approximations is

ou?
o, = ﬂa[z%‘s ( oy ) ] (22)

A centerline equation was chosen as the final governing
relation in order to provide some balance to the conditions
imposed on the profiles at the matching streamline. At first, it
seemed desirable to use both the centerline momentum and
energy equations, in lieu of the moment-of-momentum equatlon
[Eq. (10)] However, (8P/0x), appears in each equation and is
unknown on the axis. The quantitydP/dx calculated in the analysis
is a weighted pressure gradient influenced primarily by the high
momentum outer low. Applying it to the relatively low mom-
entum centerline flow near the base, where 0P/0r can be signi-
ficant, leads to’ completely erroneous results. For this reason,
the centerline momentum and energy equations were combined
to eliminate (9P/8x),, and a single centerline equation for the
axis total enthalpy was the result:

L W\ 1o oh @)
Poto g T o or\ or) Pror\ ér

The rlght hand side of Eq. (23) is evaluated from an analytic
expansion of the profiles-about the axis, with the coefficients of
the quadratic terms evaluated by joining with the power law
profiles at some arbitrary value of  (denoted as n*) The proﬁles
are thus approximated by

pu=¢+ =0 h= ¢+ im0’ 249
where )
@, =32+ )l — ¢1) — $]
Eq. (23) can then be written as

d
psusl == l:2(¢1“5€)2 + Ll k:l
Y Ps

2441, P -
-5 {f L0l = O+ {011+ 5 g }n; ’
25)
where the state relation is used to eliminate ;. The value chosen
for n, affects the results only. slightly since the right hand side
of Eq. (25) becomes important only near the wake stagnatlon
point where 8 is small and ¢ ~ 2.

Near the base, where the shear layer is thm compared with 9,
both & and o are large. The right hand side of Eq. (25) is there-
fore very small, and the axis flow is essentially adiabatic at a
constant value of H, Near the wake stagnation point, the
centerline flow does shear work and loses heat to [R-H.S. of
Eq. (23)] the adjacent flow moving toward the wake stagnation
point. The axis total enthalpy thus diminishes away from' the
wake stagnation point and reaches a platean value as the radial
extent of the recirculation region—i.e., 6 increases. The plateau
value is thus dictated by the history of the flow proceeding
toward the base, and is therefore unknown a priori However,
since the governing equations are numerically integrated from
the base, the plateau value of H, is required initially. This apparent
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conflict is resolved by the presence of a singularity at the wake
stagnation point, which is evident by inspection of Eq. (25)
when £ =0. o ‘

It can be shown that the solution of Eq. (25) near the wake
stagnation point is given by

ho(X) = sl — }p) — §Clx; — x)7° (26)
where
& = 44 pt,o/ Pr 62(dp,u,/dx), > 0

The constant of integration, C, is adjusted to permit a matching
of the above solution to the numerical solution from the base.
Clearly, h, becomes very large or small depending on the sign
of C, and only when C = 0 is h, well behaved. The initial value
of h, can be treated as an eigenvalue and varied systematically
in a succession of integrations until the condition that C = 0 is
closely bracketed. Equation (26) with C =0 can then be used
to jump across the singularity, or the integration can be carried
through the singularity, since the recovery of the divergent
solution also occurs.exponentially, and for some cases it has
been found that the perturbation on the outer flow solution is
negligible. The character of this singularity is illustrated in Fig. 1.

The “thermal” singularity may be interpreted as a heat source
or sink which is present to accommodate the requirement that
the net heat flux across the dividing streamline must be equivalent
to the heat generated by viscous dissipation in the recirculation
region (minus the heat transferred to the base if base heat
transfer were included). The net heat transfer is. affected by the
axis enthalpy, the level of which is strongly influenced by the
assumed initial value. The proper initial value produces the
desired nondiverging balance between dissipation and heat
transfer.

This completes the description of the inner flow analysis.
In summary, eight equations [Eqgs. (7, 8, 9, 10, 17, 18, 19, and 25)]
are solved simultaneously using a Runge-Kutta second order
method for eight unknowns (6, u;, p;s, P, & o, ¢y, and ¢,) with
04(x), (8U?/0ys)s, and (0H/0Y) given along the matching stream-
line. The initial values of &, u;, p;, P, and ¢, are known from
the separation solution on the chosen matching streamline.
Since h, is unknown, initial values of ¢, (= h,/h;) are assumed
until two solutions (and hence two values of h,) are found which
closely bracket the singularity at the ‘wake stagnation point.
The initial value of ¢ is zero to reflect the presence of the base
wall. The initial o is determined from continuity, Eq. (9), knowing
the mass flux, y;, associated with the matching streamline. The
solution is obtained in a step-by-step calculation in conjunction
with the marching solution for the outer flow; the details of
the coupling scheme are.described in the next section.

3. Boundary and Initial Conditions

Boundary conditions for the outer region must be specified
initially, on the outer streamline boundary, and on the wall or
inner matching streamline.

The initial profiles of U, H, P, 6, and h, are determined along
a normal, to-the-body surface well upstream of the body shoulder
from a solution to the boundary-layer equations. The outer
boundary of the calculation for both the attached flow on the
body shoulder and the wake region is a streamline which lies
initially somewhat outside the body boundary-layer but within
the shock layer. Diffusive effects are assumed negligible along
this streamline, and the coupling with the outer inviscid flow
is represented by the differential form of the Prandtl-Meyer
relation. Any errors introduced by this simplified description
of the outer flow propagate inwards toward the viscous layer
along a right-running characteristic. The inner region bounded
by this characteristic is unaffected by the boundary condition
if it is a true characteristic (that is, if diffusive effects are locally
negligible). This representation of the boundary conditions can
therefore be used for axisymmetric or initially rotational (but
inviscid) flows simply by including a large enough domain in
the initial conditions so that the region of interest always lies
within the region of influence of the initial line. '
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The standard no slip and enthalpy-specified boundary con-
ditions are imposed on the body shoulder for the attached flow
approaching separation.

Downstream of the separation point P, U? H, 8U?%/dy,
0H/0y and 0 are matched at the boundary between inner and
outer regions. Matching is achieved by iteration, initiated by
estimating the values of 0U?/dy, 0H/oy and 6 at the end of
the streamwise step. Using these input values, the inner region
calculation provides corresponding values of P, U*> and H and
in addition numerically determines the nine partial derivatives
of P, U? and H with respect to dU?/3y, OH/dy and 6. Taylor’s
series expansions, retaining only linear terms, then are used to
generate linear relations P(6UZ2/6y, 0H/dy, 0) etc., valid in the
neighborhood of the initial estimated values. These linear rela-
tions are used as boundary conditions for the outer region cal-
culation, which produces new values of dU?/dyr, 0H/0y and 6.
The iterations are continued until all six variables agree between
inner and outer regions and between succeeding iterations within
a specified tolerance.

4. Method of Selution

The first step in obtaining a near-wake solution is the genera-
tion of a series of separation solutions corresponding to different
separation points, and hence separation pressures, on the curved
body shoulder. As pointed out in the introduction, diverging
solutions are required to describe separation and can be generated
by systematically perturbing the initial profiles. However, a
great deal of computing time would be saved if a method were
available to selectively obtain the envelope solution from which
the diverging solutions could be initiated on the rounded shoul-
der. Such a method was suggested by H. K. Cheng (private
communication) who noted that the divergent solutions are
rejected if dP/0S in the streamwise momentum equation in the
subsonic region of the flow is evaluated at the preceeding
S-step. The envelope solution can thus be generated directly,
and the separation solutions are then initiated from the envelope
solution by re-introducing the consistent evaluation of dP/8S.
If the resulting divergent solution is not of the separation family,
an infinitesimal perturbation of the velocity profile is used to
induce separation on a succeeding calculation.

The wake solution is initiated from the terminal step (which
lies along. a normal to streamlines originating on the body
surface just upstream of the actual separation point) of a chosen
separation solution. An initial coupling point, and hence match-
ing streamline, are chosen below the root of the lip shock from
which initial conditions on the dependent variables for the inner
region are obtained. A value for the initial axis enthalpy is
assumed, and a coupled inner and outer solution is generated
by marching downstream. Its ‘behavior near the thermal sin-
gularity and approaching the critical point singularity determines
whether the chosen separation pressure (corresponding to the
separation solution) and initial axis enthalpy are larger or
smaller than the sought-after singular values. The process is
repeated with new separation solutions and initial axis enthalpies
until the singular values are bracketed to the desired degree.

5. Comparison of Theory with Experiment

A series of experiments were conducted by Batt?' for the
purpose of measuring flow properties in the laminar near wake
of a 10° half-angle wedge at M = 6 for both adiabatic and
cold wall surface conditions. Pitot pressure, total temperature,
mass flux, and axis static pressure were measured, and since
they represent a complete self-consistent set of data, a number
of other flow properties (velocity, static pressure, static temper-
ature, total pressure, Mach number) can be determined. Profiles
at several axial stations in the near wake, as well as flow-
field mappings, were presented for four Reynolds numbers,
spanning the range 1.4 x 10* < Re_ g < 5.5 x 10% The choice
of the case with which the theory is compared was predicated
on several factors. First, a cold wall body was felt to be a more
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Fig.2 Streamline map (Re,z = 4.1 x 104, M, = 6, T, /T,,, = 0.19,
- 10° half-angle wedge): near wake theory.

difficult case and would therefore constitute a better test of the
theory. Second, the experiments were performed on models
with a sharp-cornered base, whereas the theory requires a
rounded shoulder with a minimum corner radius related to
the thickness of the subsonic portion of the boundary-layer.
The closest theoretical simulation would therefore correspond
to the highest Reynolds number cold wall experiment. However,
this case was excluded because of possible transition effects.
Thus, the cold wall (T,/T,, = 0.19) second highest Reynolds
number (Re,z = 4.1 X 10"') experiment was chosen for the
comparisons w1th a corner radius of 0.05H used in the calcula-
tion.

The determmatlon of initial boundary-layer profiles for use
in the calculations presents some problems, since measurements
were not made upstream of the corner: However, the measured
streamfunction profile in the inviscid shock layer at the corner
could be used to obtain a displacement thickness, and a Blasius
boundary layer with p~ T and Pr=1 which matched the
measured displacement thickness was used. The resulting thick-
ness was found to be 68%; larger than that for a similar non-
interacting boundary layer on a sharp wedge. This disturbingly
large difference may be*due mostly to the thickening effect of
the relatively hot solid leading edge of the otherwise cryogenically
cooled model, and to the nonsimilar boundary layer develop-
ment thereafter.

The separation pressure and the initial centerline temperature
in the recirculation region were bracketed within the followmg
tolerances

P/P, = 0.2399 + 0.0004, T/T,, = 0.203 + .001

The experimental axis pressure is P/P, = 0.218 (£ .004) at the
base. The axis temperature in the rec1rculat10n region was not
measured.

A flowfield map from the calculation is shown in Fig. 2 and
can be compared to that presented by Batt and Kubota.!®
The most striking difference is that the experimental separation-
point location lies lower on the base than calculated here.
This results in a high theoretical lip shock location (by about
0.04H), and probably a high dividing streamline location, since
the wake stagnation point is displaced downstream from the
measured location (x/H = 0.93 as compared with [x/H],, =
0.75). Since these details are strongly dependent.on the local
flow behavior near the body shoulder, which differs geometrically
between theory and experiment, this discrepancy is hardly
surprising. Features expected to be less sensitive to shoulder
geometry agree quite well, including the wake shock position
and the locations of the streamlines. Figure 2 presents several
features of the flow not measured by Batt, including the dividing
streamline shape (note the significant curvature), and the center
of the vortex. The streamfunction (—0.0005) associated with
the vortex center was found to be extremely small compared
with that defining the outer edge of the interacting region of
the near wake (0.01-0.02), which may explain why even small
ratés of gas injection into the recirculation region from the base

. wall can significantly affect experimental results in two-dimen-
sional separated flows.??
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Fig. 3 Wake centerline static pressure and Mach Number: comparison
with measurements of Batt (Re,; = 4.1 x 104 M, = 6, T,/T,,
: = 0.19, 10° half-angle wedge). ’ :

Axis pressure and axis Mach number distributions for the two
solutions of opposite families which bracket the critical point are
shown in Fig 3. The calculated pressure rise due to the turning
of the flow near the wake stagnation point is displaced slightly
downstream of the measurements. This is consistent with the
observations in Fig, 2 that the calculated location of the wake
stagnation point is also downstream from the measured location.
The results in the ensuing figures at x/H = 1.5 are taken from
the source solution. '

Calculated pitot pressure profiles (normalized by the freestream
total pressure) are compared with direct measurements in Fig. 4
at five axial stations spanning the near wake. The lip shock i
evident from the S-shaped break in the pitot profiles at x/H =
0.1, 0.25, 0.50 and at x/H = 1.0, where both the lip and wake
shocks are present. A single merged shock exists at x/H = 1.5
The calculated and measured shock strengths based on the changy
in pitot pressure appear to be in reasonable agreement at the
respective stations. However, the calculated lip shock lies slightly
above the measured location, as discussed previously.

In Fig. 5, the calculated and measured total temperature pro
files differ significantly below the inviscid region at x/H = 0.1
This suggests strongly that the boundary layer approaching th
shoulder of the model is actually hotter than would be predictex
assuming similarity. This is not a Prandtl number effect, sinc
a comparison between Pr =1 and Pr = 0.7 similar enthalp;
profiles shows a difference much smaller than that observed i
Fig. 5. This difference is most likely due, as previously noted, t«
residual nonsimilar effects of a hot-wall leading edge region.

Static pressure profiles from the present theory are presente:
in Fig. 6. Beginning at large Y/H, each profile is characterized b
a sharp pressure drop as a result of the corner expansion, followe:
by an increase across the shock(s) to a value which remains con
stant to the axis. As x/H increases, the lip shock grows in strengt’
with the pressure decreasing on the upstream side while re
maining essentially constant on the downstream side.
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Fig. 4 Pitot pressure: comparison wnh measurements of Batt (Re,

= 4.1 x 10%,

M, =6,T,/T,, = 0.19, 10° half-angle wedge).
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Fig. 5 Total temperature: comparison with measurements of Batt
(Rey = 41 x 104, M_ = 6, T,/T,,, = 0.19, 10° half-angle wedge).

At x/H = 1.0, compression waves are evident below the lip
shock because of the interaction which causes the flow to turn
in the downstream direction in the vicinity of the wake stagnation
point. A strong coalescing of both sets of compression waves
occurs, producing a sharp distinct shock at x/H = 1.5.

The horizontal tick marks in Fig. 6 and the subsequent figures
represent the edge of the initially inviscid region where the total
temperature is constant. Experimental data points from Batt
were calculated in this region from measurements of P,, and Ty,
and an approximate total pressure obtained by projecting the
streamlines to the bow shock, and calculating the P, change
across the shock based on the observed shock angle; the total
pressure was then assumed constant on the streamline. The pre-
dicted static pressure is in excellent agreement with those data
points calculated in this fashion. Mass flux probe data were used,
together with P,, and T,, to obtain data points above the shocks
in the variable T; region. These data points tend to be more
irregular because of slight inaccuracies in curve fairing of scatter-
ed data necessary in regions of sharp flow gradients.??

Even so, the theoretical pressures are consistently smaller than
the measurements, although the qualitative trends are in agree-
ment. Batt?® found that the derivation of the pressure and tem-
perature in this region was particularly sensitive to small changes
in the measured quantities. The magnitude of the total tempera-
ture discrepancy (Fig. 5) is in fact large enough to account for
a large fraction of the disagreement observed in Fig. 6.

Total velocity profiles from the present theory are compared
in Fig. 7 to values derived from measured data. The agreement
is excellent above the lip and wake shock waves where the orig-
inal low-momentum, boundary-layer fluid is accelerated by the
expansion to a nearly uniform value at x/H = 1.5. Batt calculated
the velocities below the shock using the measurements of P,, and
Ty and assuming that the static pressure equals the measured
axis static pressure at that axial station. Velocities calculated
by the theoretical model are less than those from the experiment
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LA opy, T, AND MASS FLUX PROBE DATA )

Fig. 6 Static pressure: comparison with measurements of Batt (Re
=4.1 x 10*, M = 6, T,,/T,,, = 0.19, 10° half-angle wedge).
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Fig. 7 Total velocity: comparison with measurements of Batt (Re_p
=41 x 10*, M, =6, T,/T,, = 0.19, 10° half-angle wedge).

adjacent to the recirculation region; however, good agreement
is maintained downstream of the wake stagnation point where
large lateral gradients are in evidence.

The calculation shows that large temperature gradients in
the hot core of the boundary layer are essentially eliminated as
the boundary-layer fluid is cooled by the expansion. Large lateral
temperature gradients are evident in the shear layer due to the
mixing of hot, nearly constant temperature, recirculation region
fluid with relatively cold boundary-layer fluid from near the wall.
The profiles downstream of the wake stagnation point show a
significant increase in temperature from the shock to the axis.
Temperature profiles are presented in Ref. 16, and comparisons
with the experimental data are made. Excellent agreement is
maintained in the constant T region (above the edge of boundary-
layer streamline). However, the temperatures calculated from
the measured data in the wake of the boundary-layer (using
mass flux probe data) are larger than the predictions. This dis-
agreement was traced to the discrepancies in total temperature
shown in Fig 5, and to a lesser extent to the measurements.

These comparisons suggest that the present model includes
all of the qualitative features of the measured flowfield at this
Reynolds number, and that rather good over-all agreement was
maintained in the detailed comparisons. This is particularly
true downstream of the wake stagnation point where calculations
are initiated for the far wake. The discrepancies which did occur
appear to be the results of the rounded shoulder required by the
theoretical model; inaccuracies in the assumed total-temperature
distribution in the boundary layer prior to separation, and, in
part, to uncertainties in the derived experimental data.

6. Other Soluticns

High Mach number (M, = 21) ideal gas, near-wake flows
for slender (8° half-angle) cones have been obtained with the
present model over a wide range of Reynolds numbers, and the
results are presented in Ref 16 (space does not permit presen-
tation here). Generally, the qualitative trends observed from
these solutions are consistent with available experimental data
for similar conditions.

7. Conclusions

A theoretical model of the near wake of supersonic bodies has
been developed which is capable of describing not only gross
effects, but local flow details as well The analysis is self-con-
tained downstream of the undisturbed boundary layer on the
body; the separation point and base pressure are determined
uniquely. The model includes viscous effects everywhere to ob-
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viate the problem of defining a viscous region boundary. The
effects of upstream influence on the boundary layer approaching
the body shoulder are accounted for, and the approach to
boundary-layer separation on a smooth, rounded body shoulder
is described in detail. After separation, the continuing expansion
of the wake of the boundary layer, the development of the lip
and wake shock waves, the growth of the shear layer, and the
flow in the recirculation region are all determined in the course
of the calculation. Two-dimensional or axisymmetric bodies
can be described with either ar: insulated or cold wall. -
Comparisons with the Mach 6 cold wall wedge experiments of
Batt indicate that the model includes all of the qualitative features
of the measured flowfield, with a good over-all agreement in
local flow details. This is particularly true downstream of the
wake stagnation point where far-wake calculations are initiated.
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